Abstract: This study considers the fault-tolerant containment control problem for linear multi-agent systems with external disturbances, non-identical matching non-linear functions and actuator faults containing stuck, outage and loss of effectiveness. A novel method is proposed to estimate the norm of weight vector in fuzzy logic systems rather than the weight vector by using the traditional method. So the difficulty that the actuator with outage or stuck fault cannot work to compensate the unknown non-linear function is solved. Furthermore, different from the traditional fault-tolerant control method to estimate the feedback gain matrix related on the fault, only the ratio of coupling weight to the failure rate is estimated. The merit of the proposed controller is that the number of adaptive parameters is only related to the number of agents, which reduces the adaptive parameters and computational burden considerably. In addition, it is proved that the proposed controller guarantees all the signals in the closed-loop systems are bounded and all followers converge asymptotically to the convex hull formed by the leaders. Finally, a simulation example is given to illustrate the effectiveness of the proposed control scheme.
Introduction
In recent years, tremendous interest has been drawn to the distributed coordination control of multi-agent system (MAS) due to the widespread applications in many fields, such as unmanned air vehicles, mobile robot networks, formation control of multiple robots and so on [1] [2] [3] . Consensus is one of the interesting issues in coordination control. The main idea of consensus is to design a controller with their neighbour information such that all the agents reach an agreement. Generally, the consensus can be broadly classified into leaderless consensus [4, 5] and leader-following consensus [6] [7] [8] . The objective of the leaderless consensus problem is to design a control protocol for the MAS such that all the states of agents converge to a common trajectory. If the trajectory is formed by the leader, then the consensus problem can be called the leader-following consensus problem. However, many practical systems in engineering are inherently non-linear. So most real MAS contain complex non-linear functions. To deal with the unknown non-linear functions, the neural network and fuzzy logic system (FLS) have been used in the coordination control of MAS a few years ago. The distributed adaptive neural network controllers are proposed in [9, 10] to solve the consensus problem for first-order non-linear MAS. The neural network controller is extended to the consensus tracking for second-order non-linear MAS in [11] . The robust adaptive neural network controller and fuzzy controller are designed for higherorder non-linear MAS in [12, 13] , respectively. In [14] , the neural network cooperative tracking controller is given for linear MAS with matching non-linear function. The result [15] proposed the fuzzy output feedback cooperative tracking controller for MAS with unknown non-linear functions. Although the literatures have made some efforts, they all assume that the tracking trajectory is formed by only one leader. However, in some practical cases, there might be multiple leaders, which receive non-information from others and the control goal is to ensure that all the followers converge to the geometric space formed by the leaders [16] . Therefore, the containment control problem (CCP), where the tracking trajectory is formed by multiple leaders, has recently received increasing attention [16] [17] [18] [19] [20] [21] [22] [23] . Motivated by this observation, the CCP for second-order non-linear MAS was studied in [24] by using the neural network to approximate the unknown non-linear function. In [25] , the fuzzy containment controller is given for linear MAS with matching non-linear function.
On the other hand, actuator failures may lead to the system with bad performance or even instability. Although the fuzzy tracking control (FTC) has been extensively studied [26] [27] [28] [29] during the past two decades, it is only in recent years that the FTC of MAS receive attention from researchers [30] [31] [32] [33] [34] [35] [36] [37] . The work in [35] studied the performance of a team of unmanned vehicles (agents) that are subject to some actuator faults in forms of loss of effectiveness and lock-in-place. The fault-tolerant consensus problem was further considered in [36] for linear MAS with actuator faults. In [13] , a cooperative fault-tolerant FTC scheme was proposed to ensure that all agents synchronise to the leader in spite of actuator bias faults. Although these efforts, the FTC problem for MAS with multiple leaders has not been studied.
Inspired by the previous works, this paper considers the faulttolerant containment control (FTCC) problem for linear MAS with external disturbances, unknown non-linear functions and actuator faults containing stuck, outage and loss of effectiveness. Based on the relative information of neighbouring agents, an adaptive FTCC protocol is designed to guarantee that all signals in the closed-loop systems are bounded and all the followers converge asymptotically to the convex hull formed by the leaders. Compared with the existing works [24, 25, 35, 36, [38] [39] [40] , the main contributions of this paper are the following aspects: (i) This paper is the first trial to consider the FTCC problem for MAS with actuator faults and non-identical matching non-linear functions simultaneously. This problem is challenging owing to the fact that the unknown nonlinear function cannot be compensated directly by the actuator with outage or stuck fault. Then the traditional method by estimating the weight vector in FLS to deal with the unknown non-linear functions in [9-15, 24, 25] is unavailable. To solve this issue, a new technique of estimating the norm of weight vectors in FLS is put forward. So the unknown non-linear function can be compensated via the redundant actuators even in the case that outage and stuck faults affect the agent dynamics simultaneously. (ii) For the existing FTC method, it is to design the adaptive parameter matrix to estimate the feedback gain matrix related on the fault. However, if the existing methods [38] [39] [40] are extended to the FTCC problem directly, the number of adaptive parameters will be proportional to the dimensions of the state vector, input vector and the number of agents. As the dimensions of the state vector, input vector and the number of agents increase, the adaptive parameters will increase accordingly, which will lead to unacceptable large learning time and will be a restriction for real-time implementation. To reduce the adaptive parameters, a new adaptive technique is proposed to estimate the ratio of coupling weight to the failure rate. Then the adaptive parameters are only proportional to the number of agents. So the computational burden is reduced considerably. (iii) By using adaptive mechanism, which is driven by the containment control errors, the controller parameters are adjusted online, and then the influence of actuator faults, disturbance and unknown non-linear functions is compensated automatically. It is shown that the proposed FTCC protocol can be obtained by using the distributed information without needing global information. Notation: The norm of a vector x ∈ R n is defined as ||·||. The set of real matrices with the dimensional p × q is denoted as R p×q . I denotes the identity matrix with appropriate dimensions. The maximum and minimum eigenvalues of matrix A ∈ R n×n are denoted as λ max 
2
Problem statement and preliminaries The adjacency matrix A of the graph G has the following elements a ii = 0, if e ij ∈ E and a ij = 1 if e ij ∈ E. The Laplacian matrix L has the following elements L ij = −a ij if i = j and L ii = j =i a ij . This paper considers the undirected graph G which has the following Laplacian matrix:
Basic graph theory
where L 1 ∈ R M ×M is a symmetric matrix with M denoting the number of follower agents and L 2 ∈ R M ×(N −M ) with N − M denoting the number of leader agents.
Assumption 1:
For each follower in the undirected graph G, there exists a leader that has a path to it.
Lemma 1 [41] : If Assumption 1 holds, the matrix L 1 is symmetric and positive definite, each element of −L −1 1 L 2 is non-negative scalar, and all row sums of −L −1 1 L 2 equal to one.
Remark 1: Assumption 1 is a necessary condition for networks connectivity of undirected graph. Because if not so, there exists at least one follower that has not a path to every leaders. Then the containment control cannot be obtained.
Nodes dynamics
Consider the MAS consisting of M followers, labelled as 1, . . . , M and N − M leaders, labelled as M + 1, . . . , N , respectively. The dynamics of the ith follower is described aṡ
where u i (t) ∈ R m and x i (t) ∈ R n are the input and state vector to be design. ω i (t) ∈ R l and f i ∈ R m represent the bounded external disturbance and the non-identical unknown non-linear function of the ith follower, respectively. The dynamics of the leaders can be expressed as followṡ
where x k ∈ R n are the state vectors and r k (t) ∈ R m are unknown bounded inputs.
Assumption 2:
The control inputs r k of the leaders are bounded by some positive constant
Fault model
To formulate the FTCC problem, this paper considers the actuator faults containing stuck, outage and loss of effectiveness. For the jth actuator of follower i, v ij (t) represents the input, u F h ij (t) represents the output that has failed under the hth faulty mode. Then, the actuator fault under the hth fault model is defined as 
where
Then the sets with are defined by
For simplicity to present all the faulty modes H , the actuator fault model is formulated as follows [38] [39] [40] , the following mild assumptions are needed to facilitate analysis:
The pair {A, B} is controllable.
Assumption 4:
For the external disturbances and stuck faults, there exist unknown scalars ω i > 0 and u s i > 0, such that
Remark 3: Assumptions 4 and 5 mentioned in the works [38] [39] [40] are necessary to deal with robust FTC problem. The redundant condition of actuator introduced in Assumption 5 is necessary for compensating the actuator faults of stuck or outage. The reason is summarised as follows. If rank(B) = l < m, then, the matrix B has a null-space with dimensional m − l in which u can be perturbed without affecting the system dynamics. So, the number of stuck or outage faults is less than m − l [38] [39] [40] 42] . Moreover, all the actuator with loss of effectiveness faults can be compensated.
The following lemma can explain the reason how to deal with the actuator outage and stuck faults.
Lemma 2 [39] : If Assumption 5 is satisfied, there exists constants
where constants μ 1 , . . . , μ N are called the failure rate.
Finally, a lemma is proposed to facilitate our analysis:
Lemma 3: Suppose Assumptions 1 and 3 are satisfied. Then, there exist constants α > 0 and β > 0, and a matrix P > 0 satisfying the following inequalities
Proof: Under Assumption 1 and from Lemma 1, we have L 1 is invertible and under Assumption 3, there exist P > 0 and Q 1 > 0 satisfying the following algebraic Riccati equation
where α > 1/(2λ min (L 1 )) and using the inequality theory, there exists β > 0 such that the inequality (7) is satisfied.
Fuzzy logic systems
In this paper, the FLSs are employed to approximate the unknown non-linear function. Using the knowledge base, the fuzzifier, the fuzzy inference engine and the defuzzifier to deduce the following fuzzy If-then rules:
where θ i = max y∈R μ G i (y). The fuzzy basis functions are chosen as
Denoting
T , then the FLSs can be rewritten as
Lemma 4 [43, 44] : Let the domain of continuous function f (x) is the compact set . Then, for any given positive constant ε, there exists an FLSs (10) such that
FTCC objective
The FTCC goal here is to present a new distributed adaptive FTCC protocol by using the local information such that all followers converge to the convex hull spanned by the leaders even in the case that actuator faults, non-identical matching non-linear functions and disturbances affect the agent dynamics simultaneously.
Remark 4:
Obviously, such an FTCC problem is much more general than the single system and MAS in the existing results: (a) For MAS, the fault tolerant tracking problem for linear and Lipschitz non-linear MAS are considered in [36] . However, the proposed method in [36] is not applicable for the MAS with matching nonlinear functions and disturbances; (b) For MAS, the actuator fault has not been considered for the CCP in the result [25] ; (c) For single system, the FTC problem considered in [38] [39] [40] is described in (1) with f i = 0. It is difficult and challenging to solve the FTCC problem by using a distributed adaptive controller.
Putting (4) and (10) into (1) results iṅ
Introduce the following variable
1 L 2 ⊗ I )x l is equivalent to ξ = 0. From Lemma 1, the CCP is now transformed into the issue of designing control law such that ξ = 0.
FTCC protocol design and stability analysis

Adaptive FTCC protocol design
For the ith follower, the distributed adaptive FTCC protocol by using local relative information is designed as follows
whereĉ i is the estimate of α/μ i and is updated aṡ
where γ i1 , i = 1, 2, . . . , M are positive constants to be designed and the gain matrix K = −B T P with P is the positive definite solution of the linear matrix inequality (LMI) (7). However, the containment control protocols v i2 and v i3 will be given later.
Applying (12) 
into (13) yields the following closed-loop dynamicsξ
Based on Assumptions 2, 4 and Lemma 2, there exist positive constantsδ i andθ i i = 1, 2, . . . , M , such that
Remark 5: By Assumptions 2 and 4, there exists positive constants satisfying the first part of inequality (18) . However, the work [45] motivates the idea of the second part of inequality (18) . It is shown in the following section that the proposed adaptive control scheme based on estimating the norm of FLS weight vectors cannot only reduce the number of adaptation parameters considerably, but deal with actuator faults of outage and stuck when the systems have non-identical non-linear function. Here, it is worth pointing out that the constants ε i , μ is , σ i , ω i ,r i and ||θ i || are unknown, thusδ i andθ i are all unknown.
Now the containment control protocols v i2 and v i3 can be given as follows
where σ i (t) ∈ R + represents uniform continuous function and satisfies the following inequality
whereσ i is a positive scalar.δ i andθ i are the estimates ofδ i and θ i , and have the following adaptive lawṡ
where γ i2 and γ i3 (i = 1, 2, . . . , M ) are positive constants to be designed.
Stability analysis
Theorem 1: Suppose Assumptions 1-5 are satisfied in the closedloop system (17) . Then, the distributed adaptive FTCC protocol (14) with the adaptive laws (16), (21) and (22) ensure that all signals in the closed-loop systems are bounded and all the followers converge asymptotically to the convex hull formed by the leaders.
Proof: Consider the Lyapunov function
Using (17), the derivative of V iṡ
By (18) and (14) with (15), (19) and (20), we can obtain thaṫ
For inequality (7) in Lemma 3, define
and use Lemma 2, it follows from (24) thaṫ
Considering the adaptive law given in (16), we have
and using the adaptive law given in (21) , it follows that
In addition, applying the fact that φ T i φ i ≤ l 4 I in the work [46] and the adaptive law in (22), we have
Next, using the following inequality
we can obtaiṅ 
which indicates that the solutions of the closed-loop system (17) and error systems (16), (21) and (22) are uniformly bounded. Then the uniformly bounded of ξ(t) can be obtained by using the uniformly bounded ofξ(t). From the mathematical theory, we can obtain that ξ(t) is uniformly continuous. Therefore, λ min (Q)||ξ(t)|| 2 is also uniformly continuous. Furthermore
Using the Barbalat lemma [47] to (30) 
which completes the proof.
Remark 6:
The traditional adaptive fault-tolerant controllers [38] [39] [40] are designed by estimating the feedback gain matrix, which is unknown due to the existence of actuator fault. However, if this method is used to solve the FTCC problem, there will be n × m × N adaptive laws to be designed. When n, m or N increase, the adaptive parameters will increase accordingly, which will lead to unacceptable large learning time and will be a restriction for real-time implementation. In order to reduce the adaptive parameters, this paper proposed a new method to estimate the ratio of coupling weight to the failure rate for which only N adaptive laws are needed to be designed. The number of adaptive parameters are shown in Table 1 . Moreover, the design of the FTCC scheme (14) is only related with state information, requiring neither the upper bounds of stuck faults and disturbances nor fault diagnosis mechanism.
Simulation example
In the previous section, the FTCC problem can be solved by the given adaptive FTCC protocol. In this section, the linearised reduced-order aircraft model from [48] are considered to illustrating the effectiveness of the proposed FTCC protocol. The interconnection topology G is depicted in Fig. 1 . The leaders x 4 and x 5 are aircraft models equipped with necessary sensors to detect the hazardous obstacles can be used to safely protect the followers x 1 , x 2 and x 3 moving within the safety area which is the convex hull formed by x 4 and x 5 . The dynamics of the aircraft can be written in the form of (1) and (2), with 
The configurations of FLS are the same for all followers. The fuzzy basis functions are chosen as (t) of fuzzy basis functions is 5. According to [9] [10] [11] [12] [13] [14] [15] , the centres are distributed evenly in 2] and the variances are all set to be 2. This simulation considers the fault model: Before 25s, the MAS are fault-free. After 25s, the forth actuator of the second follower is stuck at 30+sin(t), and the second and the third actuators of the second follower are lose 30% of its effectiveness, respectively, and the others are normal.
Figs. 2a-c show that the states x 1 , x 2 and x 3 asymptotically converge to the space formed by x 4 and x 5 even in the presence of actuator with loss of effectiveness and stuck fault and the existence of non-linear function and external disturbance. In addition, the parameter estimatesĉ i ,δ i andθ i , (i = 1, 2, 3) for all subsystems are given in Figs. 2d-f. It can be observed that the estimations are uniformly bounded with the proposed method.
In addition, compared with the method in [25] without considering actuator faults and disturbances. The disturbance ω i = 0 is considered and the actuator fault is adjusted to 50 s in the following simulation. By utilising the proposed adaptive FTCC protocol, the state trajectories of x 1 , x 2 and x 3 in the left figures of Fig. 3 are asymptotically converging to the space formed by x 4 and x 5 . However, the corresponding trajectories in the right ones are divergent by utilising the controller in [25] without compensating faults. Furthermore, the trajectories of adaptive parameters using the above mentioned methods and the method in [25] are shown in the left and right of Fig. 4 , respectively. These simulations show the effectiveness of the proposed adaptive FTCC protocol for MAS with undirected communication graphs.
Conclusion
In this paper, we have investigated the FTCC problem for linear MAS with unknown non-linear functions, external disturbances and actuator faults. By online estimating the ratio of coupling weight to the failure rate, the norm of weight vectors in the FLS and the upper bound of stuck fault, exogenous disturbance, non-linear estimate error and leader's control input, an effective distributed adaptive FTCC protocol is established on the basis of local information of the neighbouring agents. Sufficient conditions are derived to ensure that all signals in the closed-loop system are bounded and all followers asymptotically converge to the convex hull formed by the leaders. The simulation result is presented to demonstrate the effectiveness of the proposed control method. It is worthy to point out that this note just considers the FTCC problem for MAS under the assumption that the interconnection topology is an undirected and connected graph. An interesting problem is to generalise the results to the cases of directed topologies or switching topologies.
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